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Abstract

Class .9, variable transformations with integer m for finite-range integrals were introduced by the author about a dec-
ade ago. These transformations “periodize” the integrand functions in a way that enables the trapezoidal rule to achieve
very high accuracy, especially with even m. In a recent work by the author, these transformations were extended to arbi-
trary real m, and their role in improving the convergence of the trapezoidal rule for different classes of integrands was stud-
ied in detail. It was shown that, with m chosen appropriately, exceptionally high accuracy can be achieved by the
trapezoidal rule. The present work is Part II of a series of two papers dealing with the use of these transformations in
the computation of integrals on surfaces of simply connected bounded domains in R®, in conjunction with the product
trapezoidal rule. We assume these surfaces are smooth and homeomorphic to the surface of the unit sphere. In Part I,
we treat the cases in which the integrands are smooth. In the present work, we treat integrands that have point singularities
of the single-layer and double-layer types on these surfaces. We propose two methods, one in which the product trapezoi-
dal rule is applied with a standard variable transformation from %,,, and another in which the trapezoidal rule is applied
with a rather unconventional transformation derived from %, and achieves higher accuracy than the former. We give
thorough analyses of the errors incurred by both methods, which show that surprisingly high accuracies can be achieved
with suitable values of m. We also illustrate the theoretical results with numerical examples.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

This is Part II of a series of two papers dealing with a new approach to the numerical evaluation of integrals
over smooth surfaces in three dimensions. In these papers, we treat integrals of the form

1= [ [ 1@, (11)
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where S is the surface of an arbitrary bounded and simply connected domain in R* and dA4 is the associated
area element. We assume that S is infinitely smooth and homeomorphic to the surface of the unit sphere,
which we shall denote by U throughout. We also assume that the transformation from U to S is one-to-
one and infinitely differentiable and that it has a nonsingular Jacobian matrix.

In Part I [11], we consider integrand functions f{ Q) that are smooth over S. In the present work, we treat the
cases in which the integrand functions have point singularities of the single-layer and double-layer types over
S. That is, f{Q) is either of the form

g(Q)
|0 —P|’

or of the form

g(Q)[(Q — P) -ng]
0P’

where g(Q) is smooth over S, |Q — P| denotes the Euclidean distance between P and Q, ny is the outward nor-
mal to S at Q, and (Q — P) - ng is the dot product of the vectors (Q — P) and ny,.

Such singular integrals arise in boundary integral equation formulations of partial differential equations in
continuum problems. For a review of this subject, see Atkinson [1] and [2, Chapter 5].

The fact that S is a general surface in R*, as well as the fact that the integrand f{ Q) has a point singularity on
S, makes the treatment of this problem considerably more involved than the case of smooth f{Q) studied in
[11]. The analysis of the case of singular f{Q) turns out to be simpler when S = U, however, and this case
is treated in a recent paper by the author [9]. The study of [9] may facilitate the study of the present work
somewhat.

Here are the steps of the method of integration we present in this work:

f(0) = PeS (single-layer), (1.2)

(o) = , Pe€S (double-layer), (1.3)

(1) Using the mapping of U, the surface of the unit sphere, to S, express [[f] as an integral over U.
(i1) Rotate the coordinate system on U such that either the north pole or the south pole is mapped to P, the
point of singularity of f{Q) on S.
(iii) Express the (twice-transformed) integral over U in terms of the standard spherical coordinates 6 and ¢,
0 < 0 < mand 0 < ¢ < 2. The resulting integral can be written in the form I[f] = [ fo F(0, $)d¢)do.
(iv) Transform 0 by an appropriate variable transformation 0 = ¥(¢), 0 < ¢ < 1, where ¥(¢) is derlved from
standard varlable transformatlons in the extended classes .%,, of Sidi [10]. The resulting integral is

= [LUZF(t, §)de|dt, where F (1, ¢) = F(¥(2), $) V(1)

(v) Approx1mate the final integral in the variables ¢ and ¢ by the product trapezoidal rule.

Before proceeding further, we advise the reader to study Part I [11] concerning the smooth f{Q), which pre-
sents the essentials of this approach in detail. It presents a discussion on the merits of employing variable
transformations in general. In addition, Part I provides the definition and a summary of the properties of
transformations in the extended classes .,,, and also the sin”’-transformation in .%,, that we have used in
our computations. Finally, it also provides the relevant Euler—Maclaurin expansions, including an extension
of them due to Sidi [7]. All these comprise the analytical tools necessary for the study of the methods of the
present work. In the sequel, we will refer freely to [11] for these tools.

We now turn to the complete mathematical description of the methods we have sketched above.

Let Q= (&,n,0) and P = (&o,10,l0) In (1.1)(1.3), and let U, the surface of the unit sphere, be given
as in

U:={(x,yz): X*+y*+2 =1} (1.4)
Denote the mapping from U to S via

p= &m0 = [E(x,,2),n(x,»,2),{(x,0,2)]", (1.5)



A. Sidi | Applied Mathematics and Computation 181 (2006) 291-309 293

so that the Jacobian matrix of this mapping is

oc/ox  dEjdy Offdz
Jw%azlwmxaww %@{-
orjax  dl/oy oL/oz

Thus, J(x,y,z) is known as a function of x, y and z.
Let P =(&p,70,%0) € S be the mapping of the point (xg, yo,zo) € U. That is,

P = (507’707&0) = (é(x()ayOvZO)an(x()ayOaZO)vC(x07y0720))' (17)

Now rotate the (x,y,z) coordinate system such that the point (xg, yo,Zzo) is mapped to the north pole or the
south pole of U. In other words, map U onto itself (orthogonally) via a fixed 3 x 3 real orthogonal matrix
H (that is, H' = H") such that

X Xo 0
[y] H[ ], |:y0] =uHe;; pn==1, e3= [0] (1.8)
z Z 1

Here u should be chosen in a way that does not cause loss of accuracy numerically.
Let now

P=[x72", (1.9)

and switch to the standard spherical coordinates 0 and ¢:

N S =

(%,7,2) = (sinfcos ¢,sinfsin p,cosd); 0<O<m 0< ¢ <2m (1.10)

Now, by expressing [[f] (expressed originally in terms of the coordinates ¢&,7,{) as an integral over U
(expressed in terms of the coordinates X, y,Z) via (1.5) and (1.8), and by introducing the variables 0 and ¢
on U as in (1.10), we are actually generating a two-parameter representation of S, these parameters being 0
and ¢. Thus, in terms of 0 and ¢, the area element d4g on S becomes

op Op
o= s o

where ||p|| = +/p'p for p € R’. We, therefore, have

n 2n
I[f] = F ; — X — 1.12
= [ Foons|ar Fo.0 = renoth <2k (112)
The vectors 0p/d60 and 0p/d¢ can be computed by the chain rule, as in
@ _mE Wy (1.13)

Here, J stands for J(x,y,z) for short, and

oF cos 0 cos ¢ oF —sin ¢
0= cosOsing |, a—:sin() cos¢ |. (1.14)
—sin 6§ ¢ 0

Next, we make the further variable transformation 0 = ¥(¢), 0 < ¢ < 1, as explained above; this results in the
transformed integral

- [ | [ / Mﬁ(r,@daﬂ dr  Flt,¢) = (W), )P'(1). (1.15)
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Finally, we approximate the transformed integral via the product trapezoidal rule (with the boundary points
taken out)

- e LAY 1 2n
T.wlf] = Wi F(jhkh); h=-, ==,
wlf] ; ; (jh, kh') . b
where n and »’ are positive integers. We let n’ ~ an as n — oo for some fixed positive o and f in the sequel.
We next discuss in more detail the choice of the matrix H in (1.8) and the choice of the variable transfor-
mation 6 = ¥(¢) in (1.15).
As mentioned already, when determining H, we should choose u in a way that does not cause loss of accu-
racy numerically. For example, following Atkinson [3], we can take H to be a real Householder matrix, with u
fixed such that H is computed in the most stable way possible: When z, # 0,

(1.16)

X0
1

p=-—sgn(z); H=I1-2p', p=——— Yo , (1.17)

2 + 2|Z()| .

sign(zo)(|zo] + 1)
and when zy, = 0, we have

P
=+loru=-1; H=1-2p", =— 1.18
Il Il pp P=7| " (1.18)

—
(Recall that, if H is a real Householder matrix, then it is symmetric, and hence satisfies H~' = H, in addition to

H'=H")

We now describe a procedure proposed in [9] that enables us to use only (1.17) for determining
H=1-2pp", p"p=1. Letting p = max{|xo|, |yol.|z0|}, so that p > 1/v/3 >0, we consider three separate
cases:

(i) If |xo| = p, then

y %] _J’O_ 1 [ Yo 1
z| =H 5/ s Z0 = —sign(xo)He3; pP=—F— Zo . (119)
242 .
< 2] [ V2H 200l | o (x) (o + 1)
(i) If [yo| = p, then
_Z_ _%_ _Z()_ i Z0 T
1
x| =H|y|, |x0]| = —sign(y,) Hes; p=—F— Xo . (1.20)
- 242 .
L el V2200 Sign () (vl + 1)
(iii) If |zo| = p, then
_x_ _56_ _)C()_ X0
. 1
y|=H|y|, Yo | = —Slgn(zO)He3; P=—F——— Yo (1-21>
| Z | | Z | | 2o | 2+ 2z sign(zo)(|zo| + 1)

Note that, in these transformations, x, y, and z are permuted cyclically to preserve the orientation of the
coordinate system.

As for the choice of the variable transformation 0 = ¥(t), we propose two different ways. Below, we recall that
transformations in the classes ., are monotonically increasing functions that map the interval [0, 1] onto itself.

1. Choose y € ., for arbitrary m > 0, and let
P(t) = Vi (t) = (). (1.22)
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2. Choose w € &, for some fixed even integer ¢ > 0 and € &, for arbitrary m > —¢/(q + 1), and define the
transformation P(¢) = ¥,(7) as follows:
e When P is the mapping of the south pole, let

(1) = Whs(t) = 2mys Gw(f)). (1.23)
e When P is the mapping of the north pole, let
qj(f) = q]z_’N(l‘) =T — lpzys(l — l) = TE|:1 — 2l/J (%w(l — t)>:| . (124)
Notes

1. The product trapezoidal rule for the transformed integral fol { foz i (, (;S)dqﬁ] dz in (1.12) is actually

hh’zn:”zn:”ﬁ(jh,kh’), (1.25)

=0 k=0

to begin with. (Here, the double prime on a summation means that the first and the last terms in the sum-
mation are to be multiplied by 1/2.) First, our transformed integrand F(t,¢) is 2n- periodic in ¢, hence

F(t,0) = F(t,2n). This implies that the summation Zk o in (1.25) can be written as Zk .- In addition,
as we will see later in this work, the integrand F(6, ¢) is continuous for all 6 € [0,n] and ¢ € [0,2x], despite
the fact that limy_, p|f{ Q)| = co. [In fact, F(0, ¢) is infinitely differentiable for 6 € [0,n] and ¢ € (—o0,0),
and 2n-periodic in ¢ as well.] Because m > 1, there holds ¥/ (0) = ¥|(1) = 0. Similarly, because g >0
and m > —q/(q + 1), there holds ¥,(0) = ¥,(1) = 0. [These 1ndeed follow from the facts that ¥, g(7) =
Oty a5 t— 0+, and © — V5 5(1) = O((1 — n?) as t — 1 — ] These facts and F (1, ¢) = F(¥(¢),
$)¥'(¢) imply that F(0,¢) = F(1,¢) = 0. This means that the summation Z 7o In (1.25) can be written
as Z _11 As a result, the rule in (1.25) becomes T,,,, [f] given in (1.16).

2. The Varlable transformation ¥ () in the present work is the same as that given in [9]. The transformation
¥(1) given here is different from that of [9], however. With ¥x(7) of [9], we have ¥,(0) # 0 when u= +1
and P,(1) # 0 when p = —1. This implies that, to form 7, ,[f], we need to compute F(0, ¢) when u = +1
and F(m,¢) when = —1. This computation must be done separately, because these values of F(0, ¢) can
be computed only as limits as Q — P when S is arbitrary. (As shown in [9], when S = U, they are available
immediately.) Because we want to obviate the need to do extra computation (or programming), we have cho-
sen to modify ¥,(7) as in (1.23) and (1.24) so that ¥5(0) = ¥,(1) = 0, which forces (0, ¢) = F(1,¢) =0,
whether P is the mapping of the north pole or of the south pole, as mentioned above.

3. With ¥, ¢(#) available, we can obtain ¥, n(7) as follows:

/n v(0)do = /TE v(n — 0)do = /l v(n — Pos(t)) Phs(r)dt = /] v(m = WPas(1 — 1) Phs(1 —£)de
- / o(Fan () P (1)

The variable transformations 6 = ¥(¢) above turn out to be very effective in that the accuracy of ?,,,,/ [f]
increases with increasing m, and in a subtle way. For some special values of m, unusually high accuracies
are achieved, as we will see later. Also, the approximations produced with ¥,(¢) have better accuracies than
those produced with ¥(?).

The plan of this paper is as follows: In the next section, we give a preliminary analysis of T, »[f], in which
we show that it is sufficient to analyze the trapezoidal rule for the one-dimensional integral fo t)dt, where
0(t) = (P (2))¥'(r) with v(0) = [;" F(0,¢)d¢. In Section 3, which is a most important (and, theoretlcally,
the most involved) part of this work we give a detailed analysis of the transformed integrand F(0, ¢). The
main result of this section is Theorem 3.9. In Section 4, we analyze the asymptotic behavior of the integral
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v(0) as 0 — 0 and as 0§ — ©, Theorem 4.2 being the main result of this section. In Sections 5 and 6, we provide
the complete analysis of the rule ?,,,,,/ [f], Theorem 5.1 [for ¥ (z)] and Theorem 6.2 [for ¥5(7)] being the main
results. In Section 7, we provide a numerical example with both ¥ (¢) and ¥(¢), and verify the validity of our
theoretical results.

Before closing, we mention that the basic method described above is related to a recent method of Atkinson
[3] As it turns out, the numerical performance of our basic method with ¥(¢) = ¥(¢) is very similar to that of
[3], and some of the theoretical results of Section 5 concerning our basic method are analogous to those of [3].
There is no analogue of our method with ¥(¢) = ¥»(¢) and its corresponding theory in [3], however. One of the
major differences between the methods of the present paper and that of [3] is that in the present paper, the
variable 0 on the unit sphere is transformed (by a variable transformation in the extended class &,,), whereas
in [3], 0 is “graded” in a special and interesting way by the introduction of a grading parameter ¢, instead of
being transformed. The convergence analysis of the numerical integration formula for the case in which f{Q) is
smooth has been given recently by Atkinson and Sommariva [4] (for S = U and for certain values of ¢) and by
Sidi [8] (for arbitrary S and for all values of g).

Note that the extended class &, of [10] for arbitrary m is indeed an extension of that first introduced in Sidi
[5] with integer m. It is described briefly also in [9,11].

Finally, this paper is partly based on the report [6] by the author.

2. Preliminary results on T, ,[f]

Let us define

0= [ FO.006. 0= [ Foa 2.1)
Thus,

B = (PO, I[f] = /0 T 0(0)d0 = /O B(o)dr. (2.2)

As we show in Theorem 3.9 in the next section, despite the singularity of f{ Q) at the point P € S, the function
F(6, ¢) is infinitely differentiable as a function of both 6 € [0, %] and ¢ € (—o0,00), and also 2n-periodic as a
function of ¢. [Recall that the point P = (&, 19, (o) is the mapping of the north pole (0 = 0) or of the south
pole (6 = n) of the transformed U.] This being the case, the developments of [11, Section 3] apply, and we have
that

Tn,n’ [,f] = ’fn[,f] + O(h”) as h, - 07 for every v > 07 (23)

where
T,[f] = hz / F(jh, ¢p)d¢p = hz o(jh). (2.4)

(Recall that the double prime on the summation 3 jio means that the j = 0 and j = n terms are to be multiplied
by 1/2.) Thus, if we let n’ ~ oan® as n — oo for some fixed positive o and f, then (2.3) becomes

Towlf] = Tu[f] +O(h") as h — 0 for every v > 0. (2.5)

In the sequel, we let n' ~ oan” as n — <.

As is clear from (2.5), the error in T,,,[f] as & — 0 has the same asymptotic expansion as that of T,[f].
Thus, we need to concern ourselves only with the asymptotlc expansion as 1 — 0 of T,[f], the trapezoidal rule
approximation to the one-dimensional integral fo t)dz. For this, we need to study i(¢) ast — 0+ and 1 — 1—,
by [11, Theorem A.2]. For this, in turn, we need to expand F(t ¢) about t =0 and ¢ = 1. This we do by
expanding v(6) about =0 and 0 = &, for which we need to expand F(0,¢) about § =0 and 0 = .
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Throughout, we make use of the fact that the sequence {(sin 0)'}:°, is a bona fide asymptotic scale both as
0 — 0 and as 0 — m.

3. The transformed integrand

In this section, we do an asymptotic analysis as 6 — 0 and as 8 — = of the integrand F(0, ¢) in (1.12). This
analysis will help us in determining the precise nature of the asymptotic expansions of v(6) as 6 — 0 and as
0 — m, respectively. We achieve this by studying the different factors that make up F(6, ¢). Definition 3.1
and Lemmas 3.2 and 3.3 that follow serve to simplify the analysis.

Definition 3.1. We say that a function A(0, ¢) belongs to the set ¢ if it is infinitely differentiable for 0 < 0 < &
and —oo < ¢ < oo and 2n-periodic in ¢, and is of the form

A0, ¢) = M, (0, ¢) + M1(0, ¢) cos psin ¢ + N1 (0, ¢) cos ¢ + N1 (0, ¢) sin ¢,
where the functions M0, ¢) and N0, ¢) have asymptotic expansions of the form

0,) ~ Y ca(@)0 as0—0, s=1.2,

o0

0,9) ~ Y da(@)0”" as0—0, s=12,
i=0

cs{ @) and dy(¢p) being m-periodic and even functions of ¢, and infinitely differentiable for ¢ € (—o0,00).

Lemma 3.2 that follows is easy to prove; we leave its verification to the reader. The observation that
(cos ¢)'(sin¢) is even and n-periodic in ¢ only when both i and j are even integers is helpful in this verification.

Lemma 3.2. If 4,(0,¢) and A>(0, }) are in the set A", then so are their sum and their product.

Lemma 3.3. Let W(X,7,2) be infinitely differentiable about the point (x,,z) = (0,0, 1) on (the transformed) U.
Then, with (X,y,z) = (sin 8 cos ¢, sin 0sin ¢, cos 0) [recall (1.10)], the function A(6, ) = W (X,3,2) is in the set
A

Proof. We start by noting that, z = /1 — ¥ — j? is an infinitely differentiable function of X and y in any neigh-
borhood of the point (¥,7) = (0,0). This implies that W (%,7,Z) is also an infinitely differentiable function of
the variables X and y in any ne1ghborhood of (%,7,2) = (0,0, 1) on (the transformed) U. As such, we denote it
by W(x 7). Let us now expand W(x 7) in a Taylor series about (0,0) (equivalently, at 0 = 0). We obtain

W(%,57) i W,y as (%,7) — (0,0); T il (3.1)
7y — L] y ’y 3 k) L] l']' axlayj .
W2 )=(0,0)
In terms of 0 and ¢, this can be expressed as in
W(E,5) =A(0,¢) ~ > Wi(sin0)"(cos ) (sin ) as 0 — 0. (3.2)

i,j=0

We observe that the summation on i and j in (3.2) can be divided into four summations: The first, second,
third, and fourth summations contain the terms with, respectively, i and j both even, i and j both odd, i
odd and j even, and i even and j odd. Thus, they can immediately be identified with, respectively, M (0, ¢),
M>(0, p)cos ¢sin ¢, N(0, p)cos ¢, and N,(0, ¢p)sin ¢ in Definition 3.1. For example,

Z Z W gii15(cos ) (sin ¢)7 | (sin 0)**"  as 0 — 0.

s=0 |[ij=0
i+j=s
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[Note that (cos$)*(sing)¥, i,j =0,1,2,..., are even m-periodic functions of ¢ and are infinitely differentiable
for ¢ € (—o0,00). Similarly, (sin6)", as 6 — 0, has an asymptotic expansion in even (odd) powers of 6 when r is
an even (odd) integer.] We leave the details to the reader. [

3.1. The function g(Q)

We start with g(Q) = g(&,n,{), as this is the simplest part. We have already assumed that g(Q) is infinitely
differentiable on S. Because the transformations from the coordinates (X, ,z) to (x,y,z) and from (x,y,z) to
(&,1,() are one-to-one and infinitely differentiable, g(Q) is an infinitely differentiable function of X, 7,z over U.
Therefore, Lemma 3.3 applies to g(Q), and g(Q) = A4,(0, ¢) for some 4,(0, $) € A .

3.2. The vector 2% x a" and the function || % x % Al
For simplicity of notation, let us denote (£,#,0) by (&1,&,83), (x,»,2) by (x1,x2,x3), and (X,9,2) by
()7?1,)2'2,5(3). Thus,
= [Sc,j/,Z]T = [)21,)?27)?3]T, (%1,%2,%3) = (sin 0 cos ¢, sin O'sin ¢, cos 0),
pP= [a’th = [él(xlax27x3)7 éZ(xlaxlaxfi)v 53(x17-x2’x3)]T'

Thus, 0&;/0x; is the (i,/) element of the Jacobian matrix J(x,x2,x3) in (1.6). It is now easy to see that the
Jacobian matrix of the mapping from the transformed U to S is

J (1, %,%3) = J (x1,%2,%3)H,

its (i,j) element being 0¢;/0%; = Zi:l (0¢;/0x;)[H],,;- By Theorem 2.1 in [11] and Lemma 3.3, we can now state
the following result: '

Theorem 3.4. Let Vu denote the gradient of the function u(Xy,%2,%3), that is, Vu= (Ou /0%, 0u/0x,, 0u/0x3).
Define

Gy = (% x ?ajj) B, RGLFE) =[5 + 5+ 5 (3.3)

= [6'2376'31,612]T8i1’10, xl,Xz,X3 Sll’le (34)

6p ap
20 6q,’>

With S as in the first paragraph of Section 1, R(xl,xz,xg) is strictly positive on the transformed U and is in
C*(U). Consequently, R(X\,X»,%3), as a function of ¢, is infinitely differentiable and 2n-periodic as well. As a
result, we also have that R(%,%,%3) = A2(0, @) for some A,(0,¢) € A.

Now, the computation of 0p/d0 x dp/d¢ and ﬁ(fcl,ibig) can be simplified as in Theorem 3.5 that follows:

Theorem 3.5. Let r=[x1,x»,x3]" and let Vu denote the gradient of the function u(xi,x»,X3), that is,
Vu = (Ou/0x;, Ou/0x,,0u/0x3). Define

= (V& X VE) -1 and  R(x,x3,x3) = (/035 + 03, + 07,. (3.5)

Then

6, = (detH)agy;, hence R(%1,%,%3) = R(x1,X2,X3). (3.6)
Consequently,

0 . dp O

ag a¢ (detH)[O'23,G31,0'12]T S 0, Hag ag R(XI,XZ,X3)SIH 0. (37)

We give the proof of this result in Appendix to this work.



A. Sidi | Applied Mathematics and Computation 181 (2006) 291-309 299
3.3. The singular factors

We now come to the analysis of the singular factors V(Q) = {Q)/g(0),

1 (Q—P)-ng
|0 — P 0- P

It is these factors that make the study of v(0) and hence of T,,,[f] difficult.

We will give the full treatment with p = +1 in (1.8), that is, with the point of singularity P € S being the
mapping of (X,9,z) = (0,0,1) hence of 6§ =0 in the transformed U, the treatment of the case u=—1 is
analogous.

V(Q) (single-layer), V(Q) = (double-layer). (3.8)

3.3.1. Study of Q — P and |Q — P|f

First, it is obvious from our assumptions that Q — P is infinitely differentiable as a function of X, y,z, hence
also as a function of 0 and ¢, and is 2n-periodic in ¢, and vanishes only when 0 = 0.

We would now like to investigate the nature of the dependence of Q@ — P on 0 and ¢ as 0 — 0 in case
u=+1. Recalling that z= /1 — x> — 3?2, in every small neighborhood of (¥,7,z) = (0,0,1), we can view
0 = (&,1,0) as an infinitely differentiable function of X and y. Thus,

Expanding p(X,y) a in a Taylor series about (x,¥) = (0,0), we have
1 ai+jﬁ

i v . 3.9
ilj! ox'oy (£5)=(00) (3.9)

0-P=pE7) - p0,0)~ Y pi&¥ as0—0;  py=
i:»jjiol
Using the chain rule for partial derivatives, and using the fact that 0z/0x and 0z/0y both vanish at
(%,7) = (0,0), it can be shown that the linear terms in this series satisfy

X
Pro¥ + pory =Jo | 7 | Jo = J(x0,,20)H. (3.10)
0
Thus,
cos ¢
0 — P =sin0|Jos(¢) + 0(9)} as0—0;  o(d)=|sing |. (3.11)
0

Note that a(¢) # 0 and the matrix Jois nonsingular. As a result, Q — P has a simple zero at 6 = 0, and so does
|Q — Pl.
Lemma 3.6. Let u= +1 in (1.8). Then for every f, there holds

|0 — P’ = (sin0)’45(0, ¢) for some A5(0, ) € A .

Proof. Let B=J OTj 0= [b,j]3 Because J, is a nonsingular matrix, B is a real symmetric positive definite

Iy
matrix. Then, by (3.9), ]

0-P’=(Q-P)(Q-P)~ > iy as0—0, (3.12)
i,j=0
i+j=2

where w, o = b1, Wp = b2, and wy,} = bjo = by; by (3.10). Using the fact that
%7 = (sin 0)™"(cos ¢)'(sin p)’ = O(0"") as 0 — 0,
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we rearrange the expansion of |Q — P|? in (3.12) according to the size of its terms as 0 — 0. We obtain,

0 PP~ 0(0.4) as0—0, (3.13)

s=2
where

72(0, ¢) = Wy 0¥ + 002" + 201157 = by ¥ + by + 2b1237,
7(0,¢) = w0 &Y, s=3,4,... (3.14)

i,j=0
i+j=s

In terms of 6 and ¢, we have

72(0, ) = (sin 0)*[b1; cos ¢ + bay sin’ ¢ + 21 cos ¢ sin @],
7,(0,¢) = (sin0)° > wi;(cos ) (sinp)’, s=3,4,... (3.15)

ij=0

i+j=s
Clearly, y,(0, ¢) is a sum of products (cos ¢)(sin ¢) with i + j even (odd) when s is even (odd), and its expan-
sion about 0 = 0 contains only even (odd) powers of 0 when s is even (odd). In addition, 7,0, $) = O(") as
0 — 0. Also note that, with i and j even integers, the product (cos ¢)'(sin ¢)’ is an even and n-periodic function
of ¢.

We now rewrite y,(6, ¢) in the form

72(0,9) =250, ) + 757 (0, )

. . . (3.16)
W0, ) = (sin 0)*[by; cos> ¢ + by sin® ¢, 7570, ¢) = (sin 0)*[2b1; cos ¢ sin ¢],
and let
2 :
757 (0, ¢ 2b1, cos ¢ sin ¢
H0<03 ¢) = ?])( ): 122 .2 5
b2 (07¢) b11COS (]’)—i—bgz S (f)
L ) 3.17
0 S 120 @y(cos ¢)'(sin ) (3.17)
H,(0, ) = 22228 (i gy =2 . s=12,...
y(z)(é),q’)) by1 cos? ¢ + by sin” ¢

(Note that, by cos 2<j) + byysin 2(;3 # 0 for all ¢ because b;; > 0 and by, > 0 by the positive definiteness of B.) In
addition,

b1z
biiby
The assertion that v <1 follows from (i) the fact that the maximum of |Ho(0, ¢)| is v and (ii) the fact that the

matrix B is positive definite, hence b5y — b12 > 0. In terms of the H (0, ¢), we now re-express the expansion
of |0 — P|*in (3.13) as in

\Ho (0, $)] < =v<l; H,(0,)=0()=o0(l) as0—0, s=12,... (3.18)

0 PR=0. 01+ HO.8)  HO.)~> H0.4) as0—0. (3.19)
s=0

First, from the structure of the H(0, ¢), we conclude that H (0,¢)isin A and sois 1 + H (0, ¢). Next, clearly,
H(0,¢)=Hy(0,¢)+0(1) as 0 —0. By this and by the fact that |Ho(0,¢)] <v<1, we have that
\IT[ (6,¢)] < v < 1forsomev'>vand all small . Thus, we can apply the binomial theorem to (3.19), to obtain
the following convergent series representation that is valid for all small 6:

|0 — P|P = (sin 0)’ (by; cos® ¢ + by sin’ ) ﬂ/zi (ﬁ/z) H(0,9)). (3.20)
k=0
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By repeated application of Lemma 3.2 to the terms [H (0, ¢)], k=0,1,. .., we conclude that this summation
represents a function in .#". Observing that the factor (b;;cos>¢ + baysin 24))”)/ %in (3.20) is an even and n-peri-
odic function of ¢ and is independent of 6, we complete the proof. We leave the details to the reader. [

3.3.2. Study of (Q — P) - ng
Let us treat the variables X and y as the parameters that describe S. Thus, the outward normal ny to S at the
point O = p(X,y) is given by
0y LED) 0h(5,7) 00l 5)
ILE I Ox oy
Then, remembering that P € S, and that it is the image in (transformed) U (with u = +1) of the point with
coordinates (%,y,z) = (0,0, 1), we have

L&,y) =

(3.21)

pEY) - i

Tz i/z>o(l + 1)pi1,¥5 as 0 — 0,

ap(xy Z(IJrl Vpi ¥y as 0= 0,
i.j=0

with p;; as defined in (3.9). Consequently,

L()~C,}~/) ~ %0,0 =+ Z a,-‘jfc"j)’ as 0 — 0, Ao = i)]‘o X ﬁ(),l; (322)
ij>0
=1
where a«;; are constant vectors and ayo is a nonzero vector in the direction of mp. Hence
|IL(x, y)Hﬁ laoo 4+ o(1)]|” as 6 — 0, and, therefore,

L 7)||” = D (0,¢) for some D,(0,¢) € A, for every . (3.23)
From (3.9), we have
O — P = (p1o% + po.y) + (P20X° + prixy + poay’) + M(%,7), (3.24)

where M (%,y) has a Taylor series expansion about (0,0) that contains the powers X3/, i +j > 3. Because
%0 = Pro X Poy is orthogonal to pio and po;, and because ¥’ = (sin )"/ (cos ¢) (sin ) = O(0") as
0 — 0, by (3.22) and (3.24), we obtain in terms of the variables 6 and ¢

(Q — P)-L(x,7) = D5(0,¢)sin> 0 for some D,(0,p) € A (3.25)
Combining (3.21), (3.23), and (3.25), and proceeding as before, we obtain the following result:
Lemma 3.7. Let u= +1 in (1.8). Then

(Q—P) -ng = (sin 0)2D(9, ¢) for some D(0,¢) € A

3.3.3. Asymptotic expansions of the singular factors V(Q)
Using Lemmas 3.2, 3.6, and 3.7, we obtain the following result concerning the singular factors in (3.8):

Lemma 3.8. Let u=+1in (1.8). Then
V(Q) = V(&n,{) = (sin0) '44(0,¢) for some A4(0, ) € H
3.4. Asymptotic expansions of F(0, )

We now combine the results that we obtained above in F(0, ¢). Let us recall that

F(0,9) = g(&n, OR(%,5,2)V (&1, ) sin . (3.26)
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By the fact that g(¢,1,() = 4,(0,¢) € A, R(%,5,2) = 45(0,$) € A, by Lemma 3.8, and by Lemma 3.2, we
have that F(0,¢$) = A(0,¢$) € # when p=+1 in (1.8). This result, of course, concerns the behavior of
F(0,¢$) as 0 — 0 only. As for the behavior of F(0,¢) as 0 — m, by the fact that g(&,1,(), R(X,9,2), and
V(&,1,{) are all infinitely differentiable in every small neighborhood of (%,7,z) = (0,0, —1), it follows from
the developments in [11, Section 3] that F(0, ) = (sin0)4'(n — 0, ¢) for some A’ (0, ) € A#". The complete de-
tails are given in Theorem 3.9 below, whose proof is left to the reader.

Theorem 3.9. The transformed integrand F(0, ¢) is infinitely differentiable for all 6 and ¢. Furthermore,

(1) When u= +1 in (1.8), the integrand F(0, ¢) satisfies
F(0,¢) =D (0,¢) for some D}(0,¢) in A,

F(0,¢) = (n — 0)D} (n — 0,¢) for some D (0,) in A (3.27)
(1) When u= —1 in (1.8), the integrand F(0, ¢) satisfies
F(0,¢) = QD*(H ¢) for some Dy (0, ) in A, (3.28)

F(0,¢) =D, (n—0,¢) for some D} (0,¢) in A

Note that the first of the relations in (3.27) and (3.28) concern the asymptotic expansions of F(0, ¢) as 0 — 0
and the second ones concern the asymptotic expansions of F(0, ¢) as 0 — 7.

4. Asymptotic expansions of v(6)

We next consider the asymptotic behavior of v(f), which, we recall, is given by

o(6) = / "F(0, §)d,

as § — 0 and 0 — n. This we achieve by using Lemma 3.1 in [11] (originally, Lemma 3.1 in [6]), which we
reproduce here for convenience as Lemma 4.1.

Lemma 4 1. Let M(¢$) be an even and m-periodic function of ¢. Define u(p)= M(p)(cosp)(singy and
q;; = “u(¢)de. If i or j or both are odd integers, then qij= 0. Thus, q;; is possibly nonzero if and only if i and j
are both even integers.

An important implication of Lemma 4.1 that concerns functions 4(0, ¢) € A" (precisely as in Definition
3.1) is the following:

/0 0, p)dgp ~ ZU cu d¢}02f as 0 — 0. (4.1)

Note that the only contribution to the asymptotic expansion of fo A(0, ¢p)d¢p comes from M (0, ¢); Mx(0,d),
N1(0, @), and Ny(0, ¢) contribute nothing by Lemma 4.1.

Theorem 4.2 below, whose proof we leave to the reader, follows from Theorem 3.9 and (4.1). It also covers
Theorems 3.1 and 3.2 in [9] as a special case.

Theorem 4.2
(1) When p= +1 in (1.8), the integral v(0) satisfies
ZMHO 0% as 6 —0, Z,u,” 0" as 0 — m. (4.2)
(i) When u= —1 in (1.8), the integral v(0) satisfies

0) ~ Zu§7’0)02i+1 as 0 — 0, v(f) ~ Z,u,(*‘n)(n —0)" as0—m (4.3)
i =0



A. Sidi | Applied Mathematics and Computation 181 (2006) 291-309 303
5. Study of T,,[f] under ¥,(9)

We now analyze the behavior of 7, [f] as h — 0 for ¥(¢) = ¥,(¢) defined in (1.23). Theorem 5.1 that fol-
lows and that is the main result of this section is essentially Theorem 4.1 in [9].
For the details of the proof, we refer the reader to [9].

Theorem 5.1. Let (1) € F,,. With ¥(1) = ¥ (1) = mj(1) and with n' ~ an” as n — oo for some fixed positive o

and f3, there holds

- O(K* %) as h — 0, if m even integer,
Ty [f] - ][ﬂ = mt1 .
Oh"™) as h— 0, otherwise.

For m an even integer, we also have the complete Euler—Maclaurin expansion

T,’)nr [f] ~ ][f] + Zpih2m+2+25 as h — 0.

=0
Note the better accuracy that T”,n, [f] can achieve when m is an even integer.

6. Study of T,,|f] under ¥5(¢)

We next analyze the behavior of f’,,‘,,/ [f] as h — 0 for P(f) = W,(¢) defined (1.24). This analysis requires a
good understanding of the properties of ¥,(¢). Therefore, we study ¥,(z) first. As can be verified, it is enough
to study the case that suits the mapping of the south pole of the transformed U to the point of singularity P on
S, that is, the case 4 = —1 in (1.8). We recall that, in this case, ¥,(¢) = V,s(f) = 2m//(%w(t)), where w € ¥,
and y € ¥, with ¢ > 0 an even integer and m > —q/(q + 1) but arbitrary otherwise.

Below, we will make use of the following facts concerning yy € & ,,:

v(0)=0, y(1)=1,; W'(t) >0 forte(0,1), (6.1)
V(I -0=y'@0), Yl-1)=1-y(), (6.2)
w(t) ~ ‘zoc:a,-t’”“"+1 as t — 0+, (6.3)
i=0
Y(t) ~1— f:aiu — )" ast—1— . (6.4)
i=0
From (6.2), it follows that
N _1 e (1 _ _
¢(2>—2, e (2)_0, k=1,2,..., (6.5)
so that
1 00 1 2k+1 1
lp(t)~§+;bk(§_t) ast— 5. (6.6)

Lemma 6.1. The function ¥, s(t) has the asymptotic expansions

o0

Pos(t) ~ Y et as t — 04 M=(@g+1)(m+1)—1, (6.7)

i=0

and

Was(t) ~ =Y di(1 =) ast—1-. (6.8)

i=0
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Therefore, there also hold

Woo(6) ~ Y M as 1 — 0+, (6.9)
i=0
and
Wig(t) ~ Y di(1 =)™ ast—1-—. (6.10)

i=0

Proof. We start by observing that, by (6.3),

o(t) ~ > @™ as 1 — 04, (6.11)
i=0

so that @(7) = O(t7"") = o(1) as ¢ — 0+ since ¢ > 0. Thus, again by (6.3),
:| m+2i+1

Vys(t) ~2n Za,- [;w(t) ast— 0+. (6.12)
i=0

Substituting (6.11) in (6.12), and re-expanding in powers of ¢, and realizing that

u(t) ~ Zd,f“" as t — 0+ = [u(r)]” ~ Zeiﬂ% as t — 0+, (6.13)

i=0 i=0

we obtain the result in (6.7).
For the proof of (6.8), we proceed as follows: By (6.4), we have

a(t) ~ 1=y a(l =)™ ast— 1-, (6.14)

i=0

hence lim,_.,_[{@(¢)] = 1. By this and by (6.6), there holds

o 11 2%+1
Y’zﬁs(l‘)wﬁszEZbk [22w(t)] ast—1—. (6.15)
=0

Substituting (6.14) in (6.15), and re-expanding in powers of ¢ with (6.13) in mind, we obtain the result in
(6.8). O

Theorem 6.2 that follows and that is the main result of this section is the analogue of Theorem 4.2 in [9].

Theorem 6.2. With VY(t)= ¥, s(t) when u= —1 in (1.8), or Y(t)= VYo n(t) when p=+1 in (1.8), and with
n' ~an® as n — oo for some fixed positive o and P, there holds

O(h™*) as h — 0, if 2M odd integer,

O(K*M**) as h — 0, otherwise,

Towlf] = 11f] = { (6.16)

where M= (m + 1)(g + 1) — 1, as in (6.7). For 2M an odd integer, we also have the complete Euler—Maclaurin
expansion

Towlf] ~ 11+ > p ™ as h— 0. (6.17)
i=0

Remark. Note that, because ¢ is an (even) integer, 2M can be an odd integer if and only if 2(¢ + 1)m is an odd
integer. Thus, when ¢ = 2, which is the value we have chosen for ¢ in our numerical examples, 2M is an odd
integer if and only if 6m is an odd integer.
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Proof. As we have seen earlier, we have to analyze the asymptotic behavior of T, [f], the trapezoidal rule
approximation of the one-dimensional integral, fol o(t)dt, where 9(¢) = v(¥(¢)) W' (¢). Here, we give the proof
for the case u = —1, hence ¥(¢) = ¥, s(?). In this case, v(0) has the asymptotic expansions given in (4.3) in
Theorem 4.2. Thus,

WO as t— 0+, (6.18)

=

B

=
ot

(1) ~ W'(1) iﬂﬁfﬂ") m— w0 ast—1-—. (6.19)

Il
=)

Substituting the asymptotic expansions of ¥, s(f) given in (6.7) and (6.8) and those of lI”sz(t) given in (6.9) and
(6.10), and re-expanding in powers of ¢, we obtain

f)(t) ~ Z MAMAD2i+1) ( ai.jt2j> as t — 0+, (6.20)
i=0 j=0

o)~ > B(1—0)" ast— 1, (6.21)
i=0

Recalling that ¢ is an even integer, and applying Corollary 2.2 of [7] (see, also Theorem 4.4 of [10]), we obtain
the results in (6.16). [

As mentioned in [10], a fair comparison of the effects of two variable transformations demands that their
abscissas should have similar amounts of clustering at the endpoints of the integration interval. As mentioned
in the same paper, the clustering of the abscissas at the endpoints = 0 and ¢ = 1 is determined directly by the
asymptotic behavior (as r — 0+ and/or 1 — 1—) of the variable transformation used. Now, ¥,(¢) = O(7"*") as
t— 0+ and ¥,(1) = O((1 — 1)"*") as t — 1—. Similarly, when u = —1 (and it is enough to look only at this
case) ¥, s(t) = o(t™*) as t — 0+ and Y,s(t) =0((1 — N1 as t — 1—, and because M > g when m > 1,
the amount of clustering is largest at = (. The conclusion from this is that a fair comparison of the effects
of ¥,(f) and ¥,(¢) can be made when M = (m + 1)(¢ + 1) — 1 for ¥(¢) is the same as m in ¥ (¢). Thus, by
Theorems 5.1 and 6.2, the rule 7, [f] with ¥y(7) is always superior to that with ¥ (7).

7. Numerical example

Let S be the surface of the ellipsoid whose equation is (&/a)® + (n/b)* + ({/c)> =1, and let Q)=

8(Q)/1Q — P|, with g(Q) = g(&,n,{) = exp[0.1(S + 25 + 30)]. We take (a,b,¢) =(1,2,3) and P = (&, 10, o) =
(1/2,1,3/+/2) € S, and consider the computation of the integral

1[f] = / /S £(0)dds = 38.2549189698039 . . ..

This is one of the numerical examples treated in [3].
We take the mapping of U to S to be

(&n,0) = (ax, by, cz),
by which, P is the mapping of
(x0,0:20) = (Eo/a,my/b, Lo /) = (1/2,1/2,1/V2) € U.
This point is mapped to the south pole via the (orthogonal) Householder matrix H,
1/2
H=1-2pp", p:; 1/2 ,
24V2 1 at
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precisely as in (1.17), that is,

X0 0
Yo|=uH |0, p=-1
Zy 1

The function R(x,y,z) is given as in

=

R(x,3,2) = [(bex)” + (cay)” + (abz)"]'"%; yv|=H

z

[STESH

Clearly, because S is infinitely smooth and g(Q) is infinitely differentiable over S, Theorems 5.1 and 6.2 apply.

The function ¥/(z) we use in constructing the variable transformation ¥(z)—whether ¥(7) or ¥,(¢)—for the
variable 0 is the extended sin”’-transformation for various values of m. This transformation has been used in
the numerical examples of [11,9]. The function @(¢) used in constructing the variable transformation ¥5(¢) is
the sin?-transformation. We have chosen the simplest case of ¢ = 2 for which @(¢) = ¢ — (sin2nt)/(2%).

The numerical results in Tables 1 and 2, which were computed via ¥(7) = mj(?), and the results in Tables 3
and 4, which were computed via ¥, () = 2m) (3 @(t)), in quadruple-precision arithmetic, illustrate the conclu-
sions of, respectively, Theorems 5.1 and 6.2 very clearly. Tables 1 and 3 give the relative errors in the
T, lf]1= ?,,,,, [f], n= 2% k=1,2,...,9, for various values of m. Tables 2 and 4 present the numbers

ITalf] - 1)
Taalf1 =111

:um,k log

:log2.

Table 1
Relative errors in the rules i"”[f'] =7, [f] for the integral of Section 7, obtained via the transformation ¥,(¢) with n = 2k k= 1(1)9, and
m=1(1)10

n m=1 m=2 m=3 m=4 m=>5 m==6 m="17 m=38 m=9 m=10

2 622D+00 1.84D+01 285D+ 01 3.73D+01 4.51D+01 524D +01 590D+ 01 6.53D+01 7.12D+ 01 7.68D + 01

4 140D+00 1.62D+00 1.90D+00 1.34D+00 7.76D —01 5.09D —01 595D —01 1.01D+00 1.68D+ 00 2.57D + 00

8 599D —-01 898D —02 1.77D — 01 1.94D — 01 9.45D —02 6.35D — 02 2.26D — 01 3.60D — 01 4.53D — 01 4.99D — 01
16 145D —-01 501D —04 7.05D —05 9.26D —04 1.61D —04 9.12D — 04 6.51D —03 1.85D —02 3.64D — 02 5.83D — 02
32 3.61D-02 2.09D —-08 5.24D — 05 6.39D —08 3.77D — 07 1.30D — 06 4.22D — 06 4.81D — 06 2.91D — 05 5.20D — 05
64 9.03D—-03 146D —10 3.26D — 06 2.80D — 14 4.69D —09 4.11D —12 7.00D — 12 3.90D — 11 192D — 10 6.96D — 10
128 226D —03 227D —12 2.04D —07 1.68D — 18 7.32D — 11 2.04D —24 540D — 14 1.92D —-20 6.68D —17 1.17D — 18
256  5.64D — 04 3.55D —14 127D —08 1.64D —21 1.14D —12 438D —28 2.11D—-16 1.65D —29 6.50D —20 1.65D —29
512 141D —-04 555D —16 7.97D — 10 1.60D —24 1.79D — 14 1.66D —29 823D — 19 1.65D —29 6.34D —23 1.65D —29

The transformation ¥ (z) is as in (1.22), y(¢) there being the sin”-transformation.

Table 2 ~

The numbers p,,, = @ -log <%) for k= 1(1)8 and m = 1(1)10, for the integral of Section 7, where 7,[f] are those of Table 1
k m=1 m=2 m=73 m=4 m=>5 m==6 m=17 m=38 m=9 m=10
1 2.154 3.500 3.906 4.802 5.863 6.684 6.632 6.021 5.403 4.903
2 1.223 4.176 3.427 2.780 3.036 3.004 1.399 1.480 1.894 2.362
3 2.046 7.487 11.289 7.714 9.195 6.122 5.115 4.283 3.636 3.098
4 2.006 14.550 0.429 13.822 8.742 9.455 10.593 11.910 10.290 10.131
5 2.000 7.162 4.004 21.122 6.328 18.271 19.200 16.913 17.205 16.190
6 2.000 6.001 4.001 14.022 6.002 40.871 7.017 30.921 21.457 29.150
7 2.000 6.000 4.000 10.002 6.001 12.187 8.001 30.116 10.007 36.044
8 2.000 6.000 4.000 10.001 6.000 4.724 8.000 —0.002 10.001 —0.003
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Table 3
Relative errors in the rules fn[f] =T, [f] for the integral of Section 7, obtained via the transformation ¥,(¢) with n = 2k k= 1(1)9, and
m= —3/6(1/6)6/6

n m=-3/6 m=-2/6 m=-1/6 m=0 m=1/6 m=2/6 m=13/6 m=4/6 m=15/6 m=6/6
M=0.5 M=1 M=1.5 M=2 M=25 M=3 M=35 M=4 M=45 M=5

2 234D +01 3.02D+01 2.69D+01 1.84D+01 8.76D+ 00 3.68D — 02 7.42D+ 00 1.34D+01 1.81D+01 2.19D + 01

4 1.39D+00 2.90D+00 2.77D+00 1.62D+ 00 2.97D —01 8.12D — 01 1.60D+ 00 2.07D+ 00 2.29D + 00 2.30D + 00

8 233D -02 8.61D—03 438D —02 8.98D —02 843D —02 2.04D - 02 7.57D —02 1.73D — 01 2.49D — 01 2.92D — 01
16 572D —04 524D —04 5.78D — 04 5.01D — 04 5.38D —04 7.24D — 04 837D — 04 7.29D — 04 4.65D — 04 2.15D — 04
32 3.02D—-09 3.57D —06 3.13D —08 2.09D — 08 3.50D — 08 2.20D — 08 2.52D — 08 6.06D — 08 6.63D — 08 2.03D — 09
64 530D —-10 221D —-07 145D —15 146D — 10 5.53D —17 1.96D — 13 3.72D — 16 191D —15 3.51D —15 3.38D — 15
128 827D —12 138D —08 1.33D —18 227D — 12 1.14D —24 7.65D — 16 1.65D — 30 4.30D — 19 5.13D —29 3.63D — 22
256 129D — 13 8.62D — 10 1.30D —21 3.55D — 14 6.94D —29 2.99D — 18 247D — 32 4.19D — 22 9.86D — 32 8.84D — 26
512 2.02D —15 539D — 11 1.27D —24 5.55D —16 3.70D —32 1.17D —20 1.23D —32 4.10D — 25 9.24D — 32 2.16D — 29

The transformation ¥,(7) is as in (1.23), () and @(7) there being the sin-transformation and the sin’-transformation, respectively.

Table 4

The numbers ,,, = = - log (M) for k = 1(1)8 and m = —3/6(1/6)6/6, for the integral of Section 7, where T,[f] are those of

Table 3 ’ 8 I Ty F1=11]]

k m=-3/6 m=—2/6 m=—1/6 m=0 m=1/6 m=2/6 m=3/6 m=4/6 m=15/6 m=6/6
M=0.5 M=1 M=1.5 M=2 M=2.5 M=3 M=3.5 M=4 M=4.5 M=5

1 4.072 3.382 3.281 3.500 4.883 —4.465 2.217 2.694 2.988 3.249

2 5.902 8.395 5.981 4.176 1.815 5.316 4.398 3.579 3.196 2.979

3 5.346 4.039 6.243 7.487 7.291 4815 6.500 7.893 9.066 10.409

4 17.530 7.197 14.173 14.550 13.910 15.007 15.021 13.554 12.778 16.691

5 2.512 4.015 24.362 7.162 29.236 16.775 26.010 24916 24.172 19.196

6 6.001 4.001 10.093 6.001 25.531 8.001 47.680 12.120 45,957 23.152

7 6.000 4.000 10.001 6.000 14.005 8.001 6.066 10.001 9.024 12.002

8 6.000 4.000 10.000 6.000 10.874 8.000 1.000 10.000 0.093 12.003

for the same values of m and for k = 1,2,...,8. It is seen that, with increasing k, the p,, s in Table 2 are tending

to 2m + 2 for even integer values of m, while for other values of m, the y,, ;. are tending to m + 1, completely in
accordance with Theorem 5.1. It is also seen that, with increasing &, the u,, , in Table 4 are tending to 4M + 4
for odd integer values of 2M = 2[3(m + 1) — 1]= 6m + 4, while for other values of M, the p,, are tending to
2M + 2, completely in accordance with Theorem 6.2. Note that, with ¢ =2, 2M is an odd integer >1 when
m=(2j—5)6,j=1,2,...

8. Concluding remarks

In this work, we have described numerical quadrature formulas based on the trapezoidal rule for comput-
ing integrals of functions with point singularities over smooth surfaces in R® that are homeomorphic to the
unit sphere. These formulas are obtained as follows: We first transform the integrals to the unit sphere map-
ping the point of singularity to one of the poles of the unit sphere, and express the transformed integrals in
terms of the standard spherical coordinates 6 and ¢, 0 < 0 < w and 0 < ¢ < 2n. We then transform the var-
iable 0 via 0 = Y¥(¢), 0 < ¢ < 1, where P(7) is a variable transformation related to a transformation in the class
S ; this is done in two different ways. Finally, we apply the product trapezoidal rule to the integral in z and ¢.
We have shown that, with one of the variable transformations, the error in the approximations obtained can
be as high as O(#*""?) when m is an even integer, while with the other transformation, the error can be as high
as O(h*M**) with M = (m+ 1)(¢ + 1) — 1, when 2M is an odd integer or, equivalently, when 2(¢ + 1)m is an
odd integer, where, we recall, g is an even integer.
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Appendix. Proof of Theorem 3.5

By (3.3), we first have (see also [11, Eq. (2.10)])
0, /0% 04/0%  0E,/0%;

Gy = |0 /0% OF,/o%, O /0R; |. (A1)
X1 X X3
Next,
6, S ¢
- = : [H]ps (AZ)

ox, < Ox,

Next, r = HF by (1.8), so that ¥ = H~'r, which, by the fact that H' = H", becomes ¥ = H'r. Consequently,

3

3
X = Z[HT]err = Z[H]rer- (A3)

r=1

Substituting (A.2) and (A.3) in (A.1), the determinant expression for 6,; becomes

3 3 3
szl 0¢i/0xy[H],, Z:)l 0/, [H] 5 ; 0/ 0,y [H] 5

3 3 3
Gy = 21 65_,—/6xq[H]q1 Zl afj/éxq[H]q2 Zl 651-/6)cq[H]q3
q= q= q=

M

3 3
> [H],x, > o[H],px,

r=1 r=1 r

[H],5%,

1

where
(H],  [H], [H],;
Vi = ]y [H],  [H],s
],y [H], [H]s
Clearly,
Vogr = €pqr(det H), (A.5)

where €3 =1 and ¢, is odd under an interchange of any two of the indices p, ¢, and r, which means that
€pqr = 0 when any two of these indices have the same value. Substituting (A.5) in (A.4), we thus obtain

(detH)
P

3 3 ag ai

Z Z Cpar 6x[’, qu

1 g=1 r=1
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which can be rewritten in the form
0&;/0x; 0O /Oxy  OE;/Oxs
G;; = (detH)|0&;/ox; O, /0x, Oxi;/Ox3 | = (det H)[(VE; x V) - r] = (detH)ay;. (A.6)
X1 X X3

By (A.6), the fact that H is orthogonal and hence |detH|=1, and (3.3) and (3.5), we obtain
R(X1,%2,X3) = R(x1,X2,x3). This completes the proof of (3.6). The result in (3.7) is an immediate consequence
of (3.6) and (3.4).
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